Abstract: Public rental housing (PRH) in China is mainly invested by the government at present. The huge capital demand brings it great pressure and a series of problems appear meanwhile. Public-private partnership (PPP) has been regarded as a way to solve the funding dilemma of PRH. However, the PRH project is not attractive for the private sector since the expected profit seems unsatisfactory based on traditional valuation methods. To improve this situation, this paper proposed an investment valuation model from a real option perspective. For the private sector, three types of options, including deferral option, abandonment option, and expansion option, were identified during the concession period of a PRH PPP project. On this basis, a two-stage binomial tree model was constructed for estimating the investment value. Then, the proposed model was tested in a hypothetical example of a typical PRH PPP project in Chongqing, China. The result shows that great potential value can be excavated through flexible strategies and adaption to uncertainties. This paper provides a deep analysis on the gaps of the real option application in public housing investment assessment, which is meaningful for improving the supply efficiency and financial sustainability of PRH.
Introduction
Public rental housing (PRH) is one new type of affordable housing in China renting to medium-low-income groups at a below-market price [1] [2] [3] . Recently, it has been gradually developing into a national strategy and been vigorously promoted. At present, PRH is mainly invested by the government and huge capital demand brings it great pressure. A series of problems appear such as financial deficit of local government, high construction costs, and supply inefficiency of PRH, which need to be solved urgently. Public-private partnership (PPP) has been broadly regarded as a way to involve the private sector with abundant capital and managerial experience to share the financial burden of the government [4] [5] [6] [7] and improve the supply efficiency and sustainability of PRH. Accordingly, since 2015, the Chinese central government has encouraged the adoption of PPP to absorb social resources for PRH development [8] .
Although a series of incentives (e.g., land supply and tax relief) has been released to promote PPP adoption in the delivery of PRH, few private enterprises are active to invest in PRH projects. One of the main reasons is that their investment decision-making is mainly based on traditional valuation methods to a large extent [9] . In the investment valuation of a PPP project, conventional methods, particularly the net present value (NPV) method, are the most widely used [10] . However, due to high uncertainties of PPP projects, this kind of method is unable to scientifically evaluate the real value of a PRH PPP project for ignoring the impact of financial uncertainty on the project [11] . The rent of PRH is lower than market rent, so the investment return seems not satisfactory based on traditional valuation methods. Additionally, compared with traditional outsourcing, privatization, and public procurement projects, PPP projects may involve more kinds or higher level of risk [12] [13] [14] . This "high risk and low returns" makes a PRH PPP project lack attractiveness to the private sector.
The real option approach (ROA) is a modern investment decision approach that can explore the project's potential opportunity value brought by uncertainties via flexible management. In the real option theory, the risk of the project can be reduced by changing the exposure to external uncertainties through flexible strategies [15] . It provides the investor an idea of dynamic decision making, and helps to find out the optimal investment strategies for value added of the project. In this paper, the real option viewpoint is introduced into the investment valuation of a PRH PPP project for the private sector. It can provide a novel perspective for the investment valuation of the PRH PPP project with theoretical guiding significance to some extent to promote the private sector's confidence to participate in PRH provision, thus alleviating government financial pressure and improving the supply efficiency and sustainability of the PRH project.
Literature Review

PPP Ideology for Affordable Housing Financing
The private sector has capital and professional advantages, as it can share risk with the public sector, reduce operation cost, and improve service quality [16, 17] . It is widely considered to be beneficial to the improvement of the provision of affordable housing. Recently, private enterprises are encouraged worldwide to provide affordable housing. As mentioned by Blessing (2015) , affordable housing provision has been moved further into the private realm [18] . Many scholars have paid attention to this aspect of research. For example, Vale and Freemark (2012) stated that public housing in the United States has gradually transformed from sole public efforts to a public-private endeavor [19] . Lima (2017) analyzed the social housing elaboration and implementation in Brazil and noted the prominent role of private sectors in the development of social housing [20] .
Given the important role of private sector, the "PPP ideology" has been seen as a strategy to provide affordable housing without adding public debt and actively explored by scholars in this field from all over the world. For instance, Kwofie et al. (2016) identified the critical success factors that influence PPP public housing delivery in Ghana [21] . Guarini and Battisti (2017) established a feasibility assessment model for social housing PPP project in Italy [22] . Sani et al. (2018) investigated the impact factors affecting the implementation of PPP housing scheme for providing affordable housing in Bauchi State, Nigeria [23] . Bockman (2018) studied the impact of PPP on American public housing via a case study [24] . Regarding Chinese researchers, Yuan et al. (2012) proposed the methodology of quantitative SWOT analysis and studied the strategy for Chinese government to develop public housing PPP project [25] . established a conceptual model of operation performance indicator for PRH delivery by PPP [8] .
Investment Valuation Methods of PPP Project
Investment valuation of a PPP project is conventionally done using traditional tools based on Discounted Cash Flow (DCF) analysis and utilizing indicators such as Net Present Value (NPV) and Internal Rate of Return (IRR). These tools are based on the assumption of reversible investments, certain evolution of future cash flows, passive management, and so on [26] . Looking at investment in a static way, these methods are limited in the investment valuation of a long-term project [27] . The disadvantages of these traditional tools have been increasingly recognized [28] [29] [30] . By contrast, ROA is accepted as a theoretically superior tool compared to traditional approaches when irreversibility, uncertainty, and managerial flexibility come into play [31] [32] [33] . It can help capture optimal investment timing according to changes caused by uncertainties [34, 35] .
Since a PPP project has the nature of numerous uncertainties, long payback period, and large amount of investment [12] , the impact associated with such high uncertainties on future cash flows cannot be ignored. Traditional investment philosophy holds that high uncertainty is likely to cause investment losses to a large extent which somewhat ignores the investor's ability to recognize and utilize opportunities for value added of the project [36] . In the viewpoint of real option, the greater the project uncertainty, the greater the potential opportunity value of the project [37, 38] . If the managerial flexibility can be fully used, higher value can be created. Real option theory provides an innovative decision-making concept and analytical thinking for high-risk investment projects under an uncertain environment. It has become a new topic in the investment valuation of PPP projects [39] .
Real Option Theory and Its Application
The real option theory was first put forward by Myers [40] . Real option is a right rather than an obligation for the holder to take a share affecting a real asset at a fixed cost during a specific time [28] . Real option theory acknowledges managerial flexibility and strategic adaptability to adjust an investment project under future uncertainties to maintain or enhance its profitability [41] . Generally, real option can be classified into six different types, including deferral option, growth option, expansion option, contraction option, switch option, and abandonment option [42, 43] . Deferral option refers to the right to postpone investment until necessary information for decision-making is acquired [28] . Growth option refers to the right to take advantage of new investment opportunities in the future after a successful initial investment [44] . Expansion option or contraction option allows the investor to expand or scale back the project respectively [41] . Switch option refers to the right to switch the investment to an alternative usage and adjust the inputs or outputs to maximize the project value according to the change of external environment [45] . Abandonment option implies to stop or sell the project to avoid further losses [41] .
Many scholars have applied the real option theory to real estate investment field. Among them, Titman (1985) first introduced real option theory into the real estate field and used ROA to the valuation of undeveloped land [46] . Baldi (2013) applied ROA to the investment estimation for a new and multi-purpose building in Roma [47] . Čirjevskis and Tatevosjans (2015) empirically examined ROA application in real estate market [48] . Mintah et al. (2018) valued the option embedded in residential projects by using ROA and compared with the results from traditional DCF method [49] . This theory has even been applied to the PRH investment field by very few scholars. For instance, Li et al. (2014) established a real option based valuation model for a privately owned PRH project [9] . Li et al. (2016) assessed the investment value of a privately owned PRH project with multiple options [50] .
Recently, real option theory has been widely applied to the PPP field as well. For example, Liu et al. (2014) constructed a valuation model for the guarantee of restrictive competition in PPP projects using ROA [51] . Xiong and Zhang (2016) regarded the renegotiations in PPP projects as real options, and built a real option based model to solve the value of renegotiation [52] . Using real option theory, Liu et al. (2017) studied the pricing mechanisms for early termination of a PPP project under two scenarios of excessively low or excessively high cash flows [53] . Ma et al. (2018) analyzed the distribution of option value in a PPP project by utilizing game theory combined with risk sharing [54] .
By reviewing the literature, it can be concluded that PPP has been widely seen as a strategy to provide affordable housing and ROA is considered to be more proper for the investment valuation of PPP project. The research of real option theory in the domain of real estate and PPP project has accumulated rich achievements, while very few researchers have applied it to the field of PRH projects. Stage differences in the life cycle of the PRH project are not considered in the existing literature on the application of ROA in the PRH project. Current research on the application of real option theory is mainly for general PPP projects where differences of specific PPP projects are not well considered.
Based on these discoveries, introducing ROA into the investment valuation of the PRH PPP project in China is of great significance but yet to gain attention. In this paper, we address this knowledge gap by establishing an investment valuation model of a PRH PPP project from a real option perspective. According to the stage characteristics of the PRH PPP project, the model is divided into two stages and three types of options are identified so that decision flexibility at each stage can be reflected. The two-stage compound option model will be elaborated in the next section.
Investment Valuation Model of a PRH PPP Project
In this section, the investment valuation model of a PRH PPP project for private sector is established from a real option perspective. The main structure of this section is designed as follows:
(1) Option pricing model selection for a PRH PPP project. This subsection describes and compares two fundamental option pricing models in the real option theory, and then the binomial model is selected for the valuation model construction of a PRH PPP project. Considering the representativeness of the model, other derivative option pricing models are not included for selection. (2) Real option identification during the concession period of a PRH PPP project. In this subsection, the concession period of the PRH PPP project is divided into two stages. Then, the types of real options contained in the two stages are identified according to the stage characteristics of the PRH PPP project. In this way, the stage differences during the concession period of the PRH PPP project are considered. 
Option Pricing Model Selection for a PRH PPP Project
The first task of the investment valuation of a PRH PPP project is to select a proper option pricing model for real option analysis. In the real option theory, there are two classical option pricing models, namely the Black-Scholes (B-S) model [55] and the binomial model [56] . Among these two models, the B-S model allows deducing option price by using a partial differential equation, while it can only model one or at most two correlated uncertainties, causing it difficult to apply in real life projects [26] . Furthermore, the B-S model simply values European-style options that can only be exercised at the time when the options expire, i.e., at a specified date. It cannot estimate American-style options where decisions can be taken at any time during the life-cycle of the project. As to the PRH PPP project with long cooperation period, options in it can be exercised at any time before expiration, provided that it can create added value for the project. Hence, it is not proper to apply the B-S model to value the PRH PPP project.
As a solution for addressing American-style options, the binomial model can evaluate the value in executing an option before expiration. It has been regarded as the most generic, intuitive, and flexible approach in valuing real options [57] . Studies on computational efficiency have suggested a preference for the binomial approach in the value estimation of long-term American-style options [31] . Compared with the B-S model, the binomial model is more applicable for complicated types of real options and can better reveal the economic intuition underlying the decision-making process [58] . In the PRH PPP project, the private sector actually has different types of American-style options in different stages of the project. Therefore, the binomial model is selected for the investment evaluation of a PRH PPP project herein.
Real Option Identification during the Concession Period of a PRH PPP Project
Another important process of the investment analysis is to identify the types of options contained in different stages of the concession period of a PRH PPP project. In Section 2.3, we have mentioned six typical types of real option. Among these options, the growth option is usually embedded in the newly developed industries, such as R&D and high tech projects with multiple generations of products [59] ; while the switch option is a right for the investor to change the input materials or output products, generally appearing in the industries with high substitutability for inputs and outputs such as flex-fuel vehicles [41] . In this case, the studied PPP project has been already determined to provide PRH, and other types of products are beyond the scope of this paper. Thus, the growth option and switch option are not considered herein.
According to the operation process of PPP project, the life-cycle of a PRH PPP project can be divided into four stages [60] : (1) approval and bidding stage; (2) construction stage; (3) operation stage; (4) post transfer stage. The approval and bidding stage involves the tasks of feasibility study, tendering and bidding and concession negotiation, etc., which are almost all government-led. When it arrives at the post transfer stage, the investor has to transfer the project to the government free of charge. Thus, only the construction stage and operation stage are included in the concession period when the private sector is given the privilege granting it investment flexibility to some extent [60] .
In the construction stage, the main work is carried out by the private investor, including contract negotiation, project financing, construction, etc. At this stage, when facing uncertainties, it is often necessary for the investor to make a systematic evaluation of the project and decide whether construction should be carried out immediately. When the macro environment or technical condition of the project is not ideal, the investor can adopt the strategy of delaying and wait for the investment condition to be improved in the contract duration, so he has a deferral option at this stage. When the implementation of the project is difficult to continue due to extreme deterioration of funds or problems in financing, the investor can also execute an abandonment option returning the project to the government to obtain a certain amount of residual compensation.
In the operation stage, the private sector reclaims investment costs and obtains benefits by operating and maintaining the project [61] . Due to the social welfare nature and huge demand of PRH, the construction of PRH has obvious purpose of public interests. Besides this, thanks to the product nature of PRH, earlier operation can recover more costs. Therefore, we do not consider the deferral option here. When the market condition is not ideal, it is usually difficult for the investor to find other operators to reduce the operation scale by partial transferring or leasing the project. In response to this situation, the government usually gives the investor a guaranteed return negotiated in the concession agreement. Hence, the contraction option is ignored herein. When the future demand of PRH is increasing, the investor is usually encouraged to expand the project scale within the scope of the concession agreement to settle more medium-low income people and obtain more income at the same time, so the expansion option is considered at this stage. In addition, the investor can execute an abandonment option transferring the project to the government when unable to maintain the project operation.
In summary, the types of real options considered in this paper during the concession period are as follows: (1) abandonment option and deferral option in the construction stage; and (2) expansion option and abandonment option in the operation stage.
Investment Value Composition of a PRH PPP Project
As mentioned above, the traditional NPV approach has defects in considering uncertainty and management flexibility. Nevertheless, as one of the most widely used pricing methods, the NPV approach has some irreplaceable advantages in reflecting the static value of the project. ROA is Sustainability 2019, 11, 1857 6 of 18 considered to be a further inheritance and development rather than total negation of traditional tools [37] . Trigeorgis (2005) proposed the concept of Expanded NPV (ENPV), which organically combines the NPV approach and ROA [45] . Based on this concept, the investment value of the project is the sum of the static NPV and the real option value:
In this formula, ENPV is equivalent to the investment value of the project with flexibility, SNPV means the value of the project without flexibility, and ROV can be seen as the value of managerial flexibility. In the light of this formula, the uncertainties and flexibility contained in the investment are considered. The concept of ENPV has been widely used in real option analysis recently [37, 58, 62, 63] . Accordingly, we adopt this formula in this paper to value the PRH PPP project. That is to say, from the real option perspective, the investment value of a PRH PPP project is composed of two parts: SNPV and ROV. SNPV can be calculated by Formula (2) where t is the time of the cash flow, i c is the discount rate, and CI t and CO t are cash inflow and cash outflow at time t, respectively. The calculation model of ROV will be established in the next section.
Real Option Pricing Model of a PRH PPP Project
Binomial Option Pricing Model
In Section 3.1, we selected the binomial model for the investment valuation of the PRH PPP project. The binomial model is a discrete numerical option pricing approach based on scenario analysis and an n-steps binomial tree for calculating ROV [58] . In this model, there are five main variables affecting the pricing of real options: (1) underlying asset value of the project S; (2) execute price of real options X; (3) maturity time of real options T; (4) risk-free interest rate r; (5) volatility associated with the underlying asset σ.
The binomial tree model consists of two steps [48, 58] :
(a) calculation of the binomial lattice of the underlying asset value; (b) calculation of real options valuation lattice via recursive backward induction.
In the first step, we establish the binomial tree of the underlying asset value (see Figure 1 ) and proceed from the initial node (S 00 ) on the very left side of the binomial tree. The binomial tree can be divided into a number of single-period binomial trees. In the single-period binomial tree (see Figure 2) , it can be assumed that there are only two cases where the underlying asset value goes up and down when the time interval (t) is short enough [50] . Let the underlying asset value of the initial node of the single-period binomial tree is S, and the corresponding option value is f . The underlying asset values after going up and going down are S u and S d respectively, and the corresponding option values are f u and f d . p and 1-p denote the probabilities for value going up and going down respectively. u and d are rising and decreasing factors (u > 1, d < 1). When the volatility σ and time interval t are known, u and d can be calculated as follows: The second step is to create the binomial tree of the ROV (see Figure 3 ). According to a certain decision rule of value maximization and possible state values of the underlying asset, ROV at each final node of the binomial tree, i.e., fnj (j = 0, 1, …, n+1), can be obtained. The decision rule of value maximization is based on a maximization function works by comparing every possible scenario in the option exercise period, which will be mentioned in the next section. In this step, the probabilities for the value to increase or decrease (p and 1-p) can be computed by a risk-neutral measure: It is worth pointing out that, in the general binomial tree model for option analysis, there is another variable called the continuous dividend payout δ which also affects the parameter p [58] . Considering its tiny impact, it is often not considered by scholars applying the binomial model The second step is to create the binomial tree of the ROV (see Figure 3 ). According to a certain decision rule of value maximization and possible state values of the underlying asset, ROV at each final node of the binomial tree, i.e., fnj (j = 0, 1, …, n+1), can be obtained. The decision rule of value maximization is based on a maximization function works by comparing every possible scenario in the option exercise period, which will be mentioned in the next section. In this step, the probabilities for the value to increase or decrease (p and 1-p) can be computed by a risk-neutral measure: It is worth pointing out that, in the general binomial tree model for option analysis, there is another variable called the continuous dividend payout δ which also affects the parameter p [58] . Considering its tiny impact, it is often not considered by scholars applying the binomial model Then S u and S d can be calculated:
As long as the initial value of the underlying asset S 00 is known, we can extend the single binomial tree to the multi-stage binomial tree model, and the underlying asset value in each tree node S nj can be calculated.
The second step is to create the binomial tree of the ROV (see Figure 3 ). According to a certain decision rule of value maximization and possible state values of the underlying asset, ROV at each final node of the binomial tree, i.e., f nj (j = 0, 1, . . . , n + 1), can be obtained. The decision rule of value maximization is based on a maximization function works by comparing every possible scenario in the option exercise period, which will be mentioned in the next section. In this step, the probabilities for the value to increase or decrease (p and 1-p) can be computed by a risk-neutral measure: The second step is to create the binomial tree of the ROV (see Figure 3 ). According to a certain decision rule of value maximization and possible state values of the underlying asset, ROV at each final node of the binomial tree, i.e., fnj (j = 0, 1, …, n+1), can be obtained. The decision rule of value maximization is based on a maximization function works by comparing every possible scenario in the option exercise period, which will be mentioned in the next section. In this step, the probabilities for the value to increase or decrease (p and 1-p) can be computed by a risk-neutral measure: It is worth pointing out that, in the general binomial tree model for option analysis, there is another variable called the continuous dividend payout δ which also affects the parameter p [58] . Considering its tiny impact, it is often not considered by scholars applying the binomial model It is worth pointing out that, in the general binomial tree model for option analysis, there is another variable called the continuous dividend payout δ which also affects the parameter p [58] . Considering its tiny impact, it is often not considered by scholars applying the binomial model [28, 30, 33, 58] . It is considered reasonable to price European and American options [31] . Thus, δ is not included in Formula (7).
After obtaining the value of p, ROV at each intermediate node can be calculated from the option values of the latter two nodes according to the formula as follows:
By backward-recursion from the final nodes and according to Formula (8), ROV at the initial node of the binomial tree (i.e., f 00 ) can be obtained, which is considered to be the ROV of the project.
Binomial Tree Model of a PRH PPP Project
In this part, the aforementioned binomial tree model is used here for the investment valuation of a PRH PPP project. To establish an n-steps binomial tree for solving the ROV of a PRH PPP project, it is necessary to divide the concession period into n periods. It is set that the validity period of the compound options (i.e., concession period) is T, then the duration of each period of the binomial tree is t = T/n. We construct a two-stage binomial tree model for a PRH PPP project here (see Figure 4 ). [28, 30, 33, 58] . It is considered reasonable to price European and American options [31] . Thus, δ is not included in Formula (7). After obtaining the value of p, ROV at each intermediate node can be calculated from the option values of the latter two nodes according to the formula as follows:
By backward-recursion from the final nodes and according to Formula (8), ROV at the initial node of the binomial tree (i.e., f00) can be obtained, which is considered to be the ROV of the project.
In this part, the aforementioned binomial tree model is used here for the investment valuation of a PRH PPP project. To establish an n-steps binomial tree for solving the ROV of a PRH PPP project, it is necessary to divide the concession period into n periods. It is set that the validity period of the compound options (i.e., concession period) is T, then the duration of each period of the binomial tree is t = T/n. We construct a two-stage binomial tree model for a PRH PPP project here (see Figure 4) . In this model, the investor has two choices at each node: holding option or executing option. If the investor executes an option, he can obtain the option exercise value. The exercise value of the abandonment option, deferral option, and expansion option at each node can be marked as fnjAbandon, fnjDefer and fnjExpand here. The solving of the exercise value of each type of real option will be described in Section 3.4.3. If the investor gives up executing options (i.e., holding options) at the intermediate nodes of the model, he still holds the option value (known as the continuation value, marked as fnjContinue) which can be calculated by Formulas (7) and (8); while at the terminal nodes of the model, since all the options expire, fnjContinue = 0. According to the decision rule of value maximization, the ROV of each nodes of the binomial tree can be obtained: fnj = max (fnjAbandon, fnjDefer, fnjContinue, 0) in the construction stage; fnj = max (fnjAbandon, fnjExpand, fnjContinue, 0) in the operation stage.
According to the corresponding option value at each node and the decision rule of value maximization, by backward-recursion from the final nodes of the tree, we can get the ROV at the initial node of the binomial tree (f00), that is the ROV of the PRH PPP project created by managerial flexibility.
Exercise Value of Real Options
(1) Exercise value of abandonment option When the investor cannot continue the project, he can choose to execute an abandonment option, like at the nodes f12, f23, and f45 in Figure 4 . The abandonment option is a put option, whose execute In this model, the investor has two choices at each node: holding option or executing option. If the investor executes an option, he can obtain the option exercise value. The exercise value of the abandonment option, deferral option, and expansion option at each node can be marked as f njAbandon , f njDefer and f njExpand here. The solving of the exercise value of each type of real option will be described in Section 3.4.3. If the investor gives up executing options (i.e., holding options) at the intermediate nodes of the model, he still holds the option value (known as the continuation value, marked as f njContinue ) which can be calculated by Formulas (7) and (8); while at the terminal nodes of the model, since all the options expire, f njContinue = 0. According to the decision rule of value maximization, the ROV of each nodes of the binomial tree can be obtained: f nj = max (f njAbandon , f njDefer , f njContinue , 0) in the construction stage; f nj = max (f njAbandon , f njExpand , f njContinue , 0) in the operation stage.
According to the corresponding option value at each node and the decision rule of value maximization, by backward-recursion from the final nodes of the tree, we can get the ROV at the initial node of the binomial tree (f 00 ), that is the ROV of the PRH PPP project created by managerial flexibility.
(1) Exercise value of abandonment option When the investor cannot continue the project, he can choose to execute an abandonment option, like at the nodes f 12 , f 23 , and f 45 in Figure 4 . The abandonment option is a put option, whose execute price at each node (marked as X njAbandon ) is the liquidation value of the project. If the investor chooses to abandon the project, he can get the liquidation value as compensation, which is set to be measured by k (i.e., compensation factor, k < 1) times of the actual cumulative investment cost at each node (marked as C nj ), that is to say, it can be measured:
The exercise value of abandonment option can be obtained as follows:
(2) Exercise value of deferral option In the construction stage, when facing strong uncertainties or poor investment environment, the investor can execute a deferral option instead of immediately carrying out the construction, like at the nodes f 12 and f 22 in Figure 4 . According to China's relevant law of real estate management, the developer needs to begin construction within one year after obtaining the land use right; otherwise, land idle fees will be levied. On this basis, the maturity time of deferral option is set as one year herein. The deferral option is a call option whose execute price at each node (marked as X njDefer ) is the sum of the present value of the cash outflow after one-year postponement from each node, that is:
The exercise value of deferral option can be obtained as follows:
f njDefer = max 0, S nj − X njDefer (12) (3) Exercise value of expansion option In the operation stage, when the investment return is promising, the investor can execute an expansion option, like at the nodes f 31 , f 41 , and f 42 in Figure 4 . The expansion option is a call option whose execute price is the additional investment cost for scale expansion (marked as C njExpand ). Set x is the expansion coefficient, then the execute price of the expansion option can be measured:
The exercise value of expansion option can be obtained as follows:
f njExpand = max 0, xS nj − C njExpand (14) 4. Hypothetical Example
Project Profile
To verify the effectiveness of the proposed model, a hypothetical case study was conducted choosing a typical PRH PPP project. It is worth pointing out that using hypothetical examples is a standard process in the real option related literature [9, 50, [64] [65] [66] . Chongqing is one of the cities whose PRH coverage is the largest and the development of PRH is the most mature in China. We selected the "Muer Airport Paradise" PRH project, located in Yubei District, Chongqing, as a case to carry out the investment value analysis. The project is a modern community with 80 high-rise buildings containing about 29 thousand suites of PRH. PPP is adopted in this project, that is, the government provides some designated land and funds for the construction of PRH, while the private sector obtains the construction and management right of the project via bidding competition. The project has been successfully completed, hence the case study is a hypothetical example designed on the basis of some real data of the project, assuming that the project has just started.
Basic Data
We assume that the "Muer Airport Paradise" PRH project was launched in early 2018, and private enterprise A was determined as the investor. The duration of the approval and bidding stage is one year, while that of the construction stage and operation stage is two years and 20 years respectively. Main building indicators and financial indicators are extracted from the feasibility study of this project and shown in Tables 1 and 2 . In Table 1 , residential area represents the building area of PRH, while commercial area means the building area for commercial use. In Table 2 , special financial funds are provided by the government as an incentive for the project, while enterprise capital contribution means the capital provided by enterprise A directly. The rest of investment is financed through bank loans. As the result of policy incentives, the financing interest rate is 4.41%. The cash inflow of this project is mainly composed of the rental income of PRH, commercial facilities, and parking spaces during the operation stage. We assume that on the basis of market survey and comprehensive analysis, some related data are predicted as follows.
The operation stage is divided into five phases with a unit of four years. Taking into account the changes in the market, the rental prices of PRH, commercial facilities and parking spaces are adjusted every phase. In the first four years of the operation stage, the rental price of PRH is 11 CNY/m 2 /month, and then increases 6% every four years, i.e., P n = (1+6%) P n-4 (P n is the rental price of PRH in the nth year of the operation stage). The rental rate of PRH is predicted as 70% and 80% at the first two phases, 90% at the two intermediate phases, and 100% at the last phase.
The rental price of commercial facilities in the first phase is 600 CNY/m 2 /year, and then increases 12% every four years, i.e., P n = (1+12%) P n-4 (P n is the rental price of commercial facilities in the nth year of the operation stage). The rental rate of commercial facilities is expected to be 60% and 80% in the first two phases, and reach 100% in the last three phases.
Another part of cash inflow is the rental income of 5606 parking spaces. The rental price of each parking space is 2400 CNY/year, and equivalently increases 400 CNY/year each four years, i.e., P" n = P" n-4 + 400 (P" n is the rental price of each parking space in the nth year of the operation stage). The rental rates in the first 10 years are predicted to be 50%, 55%, 60%, 65%, 70%, 75%, 80%, 85%, 90%, 95%, and 100% in the last 10 years. The predicted rental rate of PRH, commercial facilities, and parking spaces in each year of the operation stage is shown in Table 3 . 
Analysis of Cash Outflow
The cash outflow of this project consists of two parts: (1) capital provided by enterprise A directly in the construction stage; (2) operation costs and loan repayment in the operation stage. Tax expenditure is not considered here because tax needs not to be paid when renting PRH and related facilities. The operation cost of a construction project is mainly composed of maintenance cost, insurance cost, management cost, and sales cost. The property management fees coming from the tenants are used to maintain the project operation, so the maintenance cost is not included in the operation cost. In this case, all income comes from rental rather than sales, thus the sales cost is also not considered. The insurance cost here refers to the expense for insurance during the operation stage and is estimated according to 0.1% of the total investment and paid annually. The management cost is the expense for management in the renting process of PRH and related supporting facilities and is estimated at 0.5% of the annual income of the project.
Net Cash Flow of the Project
Based on the analysis above, the net cash flow of enterprise A during the concession period of the project can be obtained as shown in Table 4 . It should be noted that in the hypothetical example, although some assumptions seem to be unrealistic and simplified, they will not invalidate the investment analysis because the main objective of this section is to show the advantage of ROA in excavating the potential value of the project. Furthermore, since necessary data on the future of the project is unavailable, significant improvement of this aspect is difficult to make. Actually, investment valuation is never an exact science [28] , so these drawbacks may be disregarded in this paper. The next section will present the application of ROA in the investment valuation of the project based on the analysis above. The static investment value of the "Muer Airport Paradise" PRH project can be calculated according to Formula (2) and net cash flow of each year. In the feasibility study of this project based on comprehensive analysis, the benchmark discount rate (i c ) is determined as 8%. By substituting the cash flow data of each year and i c into Formula (2), we can get the net present value of the project at early 2019, i.e., SNPV = 14.2412 million CNY.
Real Option Value of the Project
Before estimating the ROV of the project, there are several variables needed to be determined. One important variable is the volatility associated with the underlying asset σ. PRH is a new type of affordable housing in China which lacks special rent related statistical data. However, PRH rent is positively relative to the selling price of commodity houses (PRH rent is generally determined to be 30-70% of the rent of the private commodity houses nearby), hence σ can be represented by the volatility of the selling price of commodity houses [9] . Just like Li (2014), we selected the volatility of the commodity housing prices in recent 10 years in Chongqing as σ of this project [9] . Based on the process of estimating volatility described by Zhang et al. (2014) [33] , σ of this project is calculated as 12.8%.
The concession period lasts 22 years from early 2019 to the end of 2040, so we construct a 22-step binomial tree where each step is regulated as every one year. Taking the beginning of each year as a time node, the binomial tree has 23 time nodes, i.e., 2019, 2020, . . . , 2041. The initial value of the underlying asset S 00 can be calculated as the present value of the expected earnings (i.e., cash inflow) of the project, i.e., S 00 = ∑ n t=0 [CI t (1 + i c )
−t ] = 2915.4389 million CNY. According to Formulas (3) and (4), we can obtain the value of u and d: u = 1.137, d = 0.880. S 00 is substituted to Formulas (5) and (6) and the underlying asset value of each node S nj can be obtained. We then can get the binomial tree of the underlying asset value of this project as shown in Figure 5 . The investor has a one-year deferral option at the first two time nodes (i.e., 2019 and 2020). The execute price of deferral option (i.e., XnjDefer) at each time node can be obtained based on Formula (11) and the cash outflow values in Table 3 : X2019Defer = 2686.2950 million CNY; X2020Defer = 2610.3551 million CNY. Then, based on Formula (12), the execute value of deferral option at each node fnjDefer can be obtained.
In this project, we assume that the investment scale is allowed to expand by 50% according to the concession agreement, i.e., the expansion coefficient x = 0.5, and the compensation factor is assumed to be k = 0.6. So, according to Formulas (9), (10), (13) , and (14) , the execute value of abandonment option and expansion option at each node fnjAbandon and fnjExpand can be obtained.
The risk-free interest rate r is usually based on the yield of the government's debt [9] . The annual interest rate of China's five-year period national debt announced in 2018 is chosen as the risk-free interest rate of this project, that is, r = 4.17%.
According to Formula (7), we can get p = 0.6326. Based on the solving rules of ROV mentioned before, the binomial tree of the real option value of the studied project can be created as shown in Figure 6 . The ROV of the initial node of the model (i.e., f00) can be considered as the ROV contained in the "Muer Airport Paradise" PRH project, that is to say, ROV = f00 = 464.6439 million CNY. Figure 6 . Binomial tree of the real option value of the studied project. Note: the nodes fijContinue, fijDefer, fijExpand, and fijAbandon mean respectively that holding the options, executing deferral option, executing The investor has a one-year deferral option at the first two time nodes (i.e., 2019 and 2020). The execute price of deferral option (i.e., X njDefer ) at each time node can be obtained based on Formula (11) and the cash outflow values in Table 3 : X 2019Defer = 2686.2950 million CNY; X 2020Defer = 2610.3551 million CNY. Then, based on Formula (12), the execute value of deferral option at each node f njDefer can be obtained.
In this project, we assume that the investment scale is allowed to expand by 50% according to the concession agreement, i.e., the expansion coefficient x = 0.5, and the compensation factor is assumed to be k = 0.6. So, according to Formulas (9), (10), (13) , and (14) , the execute value of abandonment option and expansion option at each node f njAbandon and f njExpand can be obtained.
According to Formula (7), we can get p = 0.6326. Based on the solving rules of ROV mentioned before, the binomial tree of the real option value of the studied project can be created as shown in Figure 6 . The ROV of the initial node of the model (i.e., f 00 ) can be considered as the ROV contained in the "Muer Airport Paradise" PRH project, that is to say, ROV = f 00 = 464.6439 million CNY.
interest rate of this project, that is, r = 4.17%.
According to Formula (7), we can get p = 0.6326. Based on the solving rules of ROV mentioned before, the binomial tree of the real option value of the studied project can be created as shown in Figure 6 . The ROV of the initial node of the model (i.e., f00) can be considered as the ROV contained in the "Muer Airport Paradise" PRH project, that is to say, ROV = f00 = 464.6439 million CNY. . Binomial tree of the real option value of the studied project. Note: the nodes f ijContinue , f ijDefer , f ijExpand , and f ijAbandon mean respectively that holding the options, executing deferral option, executing expansion option, and executing abandonment option are the best choices at each node.
Investment Valuation of the Project
As mentioned in Section 3.3, according to the real option viewpoint, the investment value with flexibility is equivalent to ENPV. Thus, the investment value (IV) of the studied project can be evaluated by Formula (15) as:
Discussion
Through a case study, it has been tested that the presented model in this paper is applicable to estimate the investment value with flexibility and find out optimal investment strategy portfolio for value added of the project. By comparing the results of traditional NPV method and ROA, it can be seen that the project contains great potential value. Traditional NPV method neglects ROV of the project resulting in a serious underestimation of the investment value. In the studied project, the capital contribution of private sector is 581.6869 million CNY, while of which NPV accounts for only 2.45%, which is clearly not attractive to the private sector. From the NPV result, the investment on a PRH PPP project seems to be in a "high risk and low returns" situation causing investors apprehension about their investment prospect. The real option model proposed in this paper looks at project in a dynamic perspective, and can fully excavate the potential value brought by future uncertainties and management flexibility. From the real option perspective, the estimated investment value of the studied project is 478.8851 million CNY, accounting for 82.33% of the capital contribution of the private sector. The ROV is 464.6439 million CNY, which reflects the value of managerial flexibility. From this result, it can be found that the investment returns have been greatly improved, proving the revenue risk can be reduced by adapting to the uncertainties through flexible strategies. Of course, this requires that the investor should fully analyze the market environment to get up-to-date, comprehensive, and realistic information. For the private sector, compared with the traditional NPV method, ROA provides a strategic thinking to excavate the value of flexible decision including abandonment, delay, and expansion of the project, which helps to improve the profit. For the government, it can greatly improve the enthusiasm and confidence of private sectors to participate in the development of PRH, thereby easing the pressure on government funds and improving the supply and operation efficiency and financial sustainability of PRH.
Conclusions and Limitations
Taking raising social capital for PRH in China as the start point, this paper studied the investment valuation for private sector on a PRH PPP project. Given the superiority of ROA in considering uncertainty and flexibility and the lack of its applications in the field of PRH project, this paper established an investment valuation model of PRH PPP project from a real option perspective. For the private sector, three types of options were identified during the concession period. On this basis, a two-stage binomial tree model was then constructed for estimating the investment value. To test the practical application value of the model, a hypothetical case study was conducted by choosing a typical PRH PPP project in Chongqing. The result shows that flexible strategy greatly increases the investment value by adapting to the uncertainties of the project.
The investment valuation model proposed in this paper opens up windows of opportunity that address the needs for estimating the economic feasibility of investment characterized by high risk, long-term horizons, strong uncertainties, and managerial flexibility, which is suitable for a PRH PPP project. Application of phased compound option for the investment on a PRH PPP project reinforces the originality of this paper. For the potential private investors of a PRH PPP project, it illuminates the black box of real option analytics and provides a dynamic decision thinking. The model equips the private sector with a framework of reference to excavate the opportunity value associated with uncertainties via flexible and reasonable strategies, which is of great significance to improve their investment returns. Thereby it helps to attract more private capital into the supply system of PRH in China and alleviate the financial pressure of the government, which is conductive to improving the supply efficiency and sustainability of the PRH project.
Nevertheless, much work still remains to be done in future research due to some limitations here. First, σ of the studied project is replaced by the volatility of commodity housing prices in the last 10 years which may deviate from the actual volatility of the project and have a certain impact of the investment value estimation. Therefore, it is necessary to further explore the scientific determination of model parameters. Second, some simplified assumptions are carried out, while the actual situation may be much more complicated. These analyses need to be further improved in future research as well. Third, three types of options are identified in the proposed model, while in reality, there may be more other types of options contained in a PRH PPP project. For example, the private sector is usually provided a minimum return guarantee in a PRH PPP project, which can be considered as one special kind of option (i.e., guarantee option). Exploring the impact of the guarantee option on the project value might add objectivity to the findings as another fertile ground for future studies.
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